Recitation - Week 4

Ashwin Bhola (CDS, NYU)

Ashwin Bhola
CDS, NYU

Sept 25t , 2019

DS-GA 1014

Sept 25, 2019



Projections

1. Suppose v4,..,V, € R* are m non-zero orthogonal vectors. Prove that they are linearly independent.

2. Let U be the subspace of R™ with orthonormal basis uy, ..., uy.

i.  Prove that the projection of x € R" can be expressed as Py (x) =< uy, x > Uy +< Uy, X > Up+..+<
U

U, X > Uy (Use the fact that the orthonormal basis for a subspace of R™ can be extended to obtain an

orthonormal basis for R")
ii. Prove that ||PU(x)|| < ||x||
iii. Prove that x — Py (x) is orthogonal to the subspace U

iv. Show that the linear transformation P,;: R"* — R" satisfies P? = P,, and Pf = P
U U U U U
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Projections

1. Suppose v4,..,V, € R* are m non-zero orthogonal vectors. Prove that they are linearly independent.

Solution:

To check if they are linearly independent, we need to calculate @ € R™ such that
vy + ot apv, =0
For any index i € [1,m],
< V1 t+.. .+, v > =< 0,v; > =0
S>a <V, >+t a<v,v >+t oy, <y, v =0
>a; <v;,v;>=0

Sincev; # 0, <v,v; > 0= qa; =0foralli € [1,m]
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Projections

2. Let U be the subspace of R™ with orthonormal basis uy, ..., u.
i.  Prove that the projection of x € R™ can be expressed as Py (x) =< Uy, x > Uy +< Uy, X > Uy +...4<
Uy, X > uy (Use the fact that the orthonormal basis for a subspace of R" can be extended to obtain an
orthonormal basis for R")
ii. Prove that ||PU(x)I| < ||x||
iii. Prove that x — Py (x) is orthogonal to the subspace U

iv. Show that the linear transformation P;: R® - R™ satisfies P; = Py and P}, = Py
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Projections

Solution: The orthonormal basis of U is uy, ..., uy. This can be extended to form a basis u, ..., u, of R"
L X=oauy+ -+ ayu, wherea; =<u;,,x >Vie€|[ln]
For projection, we need to solve
Py(x) = argminyeullx -yl
Sincey € U,
Yy = Prug + -+ Bruy

||x — )’|| = ||(a1—ﬁ1)u1 + -+ (ag — Brduk + Apqprpeg + o0+ anunll

= [l =yl = (@ = B2 + ok (@ = B+ @+
This will be minimized when 3; = a; Vi € [1, k]
= Py(x) = aquq + -+ apuy

= Py(x) =<uy,x>uy + < U, X > Uy
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Projections

i. || Py ()| = \/af + -+ aZ and ||x|| = \/af + - af + -+ aj where a; =< u;, x >

= Py(x) < |lx|
iii. To show that a vector is orthogonal to a subspace U, it is enough to show that it is orthogonal to the Basis of U
x — Py(x) = agqqlppr + -+ iy
For any element u; of the basis uq, ..., uy,
<u;,x—Py(x) >=<u, Appqlgyq + -+ auy,>
= Ay < UjUgypr > oot ay, <u;,u, >
= Qg41-0 + -+ a,. 0 (given that u4, ..., u,, are orthonormal)
=0
Thus, < x — Py(x),u; >=0Vi€[l,.., k]
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Projections

iv. Py = VVT where V = matrix with columns uy, ..., uy

PG = PyPy =VVTVVT

NOW, VTV = : u 0 Ukl = : : =\: = Idk)(k
uj, ulu, - ulu, 0 - 1

=>P;=VIVT =vVT = p,

Py =WvDT =vVT = P,
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Norm and inner product

1. Which of the following are an inner product for x,y € R3:
L f(x,y) = x1y, + x93 + X391
ii. fO,y) =x7yi +x3y5 + x3y3
il f(x,y) = x1y1 + %29
2. Letx = (cosO,sinB;) € R? and y = (cosb,, sinf,) € R? be two vectors on unit circle (||x|| =1 =||y||). What
does xTy represent geometrically?
3. Forx,y € R™, prove that ||x + y|| < ||x|| + ||ly]| (Triangular inequality). When does ||x + y|| = |Ix]| + [|¥]]?

4. Forany 4 € R™" and x € R", show that

m
x| < Jhell [ ) 43

\l i=1j=1
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Norm and inner product

1. Which of the following are an inner product for x,y € R3:
L f(x,y) =x1y, +xy3 + x3)1
ii. fCoy) =xiyi +x3y; +x3y3
il f(x,y) = x1y1 + X3,
Solution:
i. Notaninnerproduct. Take x =y = (1,—1,0);f(x,x) = -1<0
ii. Notaninner product: f(ax,y) = a?f(x,y) # af (x,y)
iii. Notan inner product: Takex =y = (0,0,—1) = f(x,x) =0and x # 0
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Norm and inner product

2. Let x = (cosOy,sinf;) € R? and y = (cos0,,sinb,) € R? be two vectors on unit circle (||x|| =1 =||y||). What

does xTy represent geometrically?

Solution:

xTy = cos8,c0s0, + sinf,sinb,

= xTy = cos(0, — 0,)
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Norm and inner product

3. For x,y € R", prove that || + yI| < [lxI| + |IyI] (Trangular inequality). When does ||z + I| = |lxI| + [Iy1I?

Solution:
2
||x+y|| =<x+y,x+y>=<xx>+<y,y>+< x,y >+< y,x >

= ||x+y||2 = ||x||2 + ||y||2 +2<xy>

Using Cauchy-Schwarz inequality,
= [lx+yI|” < [1xl]* + |Iyl]* + 2|11yl

= [lx +yl|" < (Jlxl] + [Iy1])°

Since norms are always positive,

llx + yl| < [IxI| + |Iy]]

For equality to hold, we should have equality in Cauchy-Shwarz i.e. ||x| | | |y|| =< x,y > which is true iff xand y are

collinear
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Norm and inner product

4. For any A € R™ " and x € R™, show that

m
laxl] < Jlell ) 43

\1 =1 j=1

Solution: Let a{, . a,% be the columns of A
2
1Ax||” = (afx)? + (ajx)* + - + (afyx)?
Using Cauchy-Schwarz,

1Ax]|” < [laal|*| %1 + -+ [laml| 12|
0.5
= 1Ax| < ([lagl [l + -+ [laml|*[1x1])

0.5
= [14x]] < [Ixl] ([laal|" + -+ [la]]*)

2
-|| = al-zl1 + -4 alzn assuming a; = [al 1,. Qi p]

= ||4x|| < ] ZZA

i=1j=

Since al, ..., al,
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