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Projections

1. Suppose v4,..,V, € R* are m non-zero orthogonal vectors. Prove that they are linearly independent.

2. Let U be the subspace of R™ with orthonormal basis uy, ..., uy.

i.  Prove that the projection of x € R" can be expressed as Py (x) =< uy, x > Uy +< Uy, X > Up+..+<
U

U, X > Uy (Use the fact that the orthonormal basis for a subspace of R™ can be extended to obtain an

orthonormal basis for R")
ii. Prove that ||PU(x)|| < ||x||
iii. Prove that x — Py (x) is orthogonal to the subspace U

iv. Show that the linear transformation P,;: R"* — R" satisfies P? = P,, and Pf = P
U U U U U
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Norm and inner product

1. Which of the following are an inner product for x,y € R3:
L f(x,y) = x1y, + x93 + X391
ii. fO,y) =x7yi +x3y5 + x3y3
il f(x,y) = x1y1 + %29
2. Letx = (cosO,sinB;) € R? and y = (cosb,, sinf,) € R? be two vectors on unit circle (||x|| =1 =||y||). What
does xTy represent geometrically?
3. Forx,y € R™, prove that ||x + y|| < ||x|| + ||ly]| (Triangular inequality). When does ||x + y|| = |Ix]| + [|¥]]?

4. Forany 4 € R™" and x € R", show that

m
x| < Jhell [ ) 43

\l i=1j=1
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