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Announcements

• Office Hours: Thursday, 1-2 PM, CDS Room 650

• HW 3 due: September 24 2019
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Kernel, rank and invertibility

1. Given a matrix 𝐿 ∈ ℝ$×&, show that 𝐾𝑒𝑟 𝐿 = 𝐾𝑒𝑟 𝐿+𝐿

2. Given a matrix 𝐿 ∈ ℝ$×&, prove that 𝑟𝑎𝑛𝑘 𝐿 = 𝑟𝑎𝑛𝑘(𝐿+)

3. Let 𝐴 ∈ ℝ&×& and B ∈ ℝ&×&. Show that AB is invertible if and only if A and B are invertible

4. Let 𝐴 ∈ ℝ$×& where 𝑚 < 𝑛. Under what conditions is there a matrix B such that 𝐴𝐵 = 𝐼 where 𝐼

is the 𝑚×𝑚 identity matrix

5. Let 𝐴 ∈ ℝ$×& where 𝑚 > 𝑛. Under what conditions is there a matrix B such that 𝐵𝐴 = 𝐼 where 𝐼

is the 𝑛×𝑛 identity matrix
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Kernel, rank and invertibility

1. Given a matrix 𝐿 ∈ ℝ$×&, show that 𝐾𝑒𝑟 𝐿 = 𝐾𝑒𝑟 𝐿+𝐿

Solution: 𝐿:ℝ& → ℝ$

a. Let’s assume 𝑥 ∈ 𝐾𝑒𝑟 𝐿 ⇒ 𝐿𝑥 = 0

⇒ 𝐿+𝐿𝑥 = 𝐿+0 = 0

⇒ 𝐿+𝐿 𝑥 = 0

⇒ 𝑥 ∈ 𝐾𝑒𝑟(𝐿+𝐿)

⇒ 𝐾𝑒𝑟 𝐿 ⊂ 𝐾𝑒𝑟(𝐿+𝐿)
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Kernel, rank and invertibility

b. Let’s assume 𝑥 ∈ 𝐾𝑒𝑟 𝐿+𝐿 ⇒ 𝐿+𝐿𝑥 = 0

⇒ 𝑥+𝐿+𝐿𝑥 = 0

⇒ (𝐿𝑥)+𝐿𝑥 = 0

⇒ 𝐿𝑥 = 0 ⇒ 𝑥 ∈ 𝐾𝑒𝑟(𝐿)

⇒ 𝐾𝑒𝑟 𝐿+𝐿 ⊂ 𝐾𝑒𝑟(𝐿)

From a and b, 𝐾𝑒𝑟 𝐿 = 𝐾𝑒𝑟(𝐿+𝐿)
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Kernel, rank and invertibility

2. Given a matrix 𝐿 ∈ ℝ$×&, prove that 𝑟𝑎𝑛𝑘 𝐿 = 𝑟𝑎𝑛𝑘 𝐿+

Solution:

From previous question, 𝐾𝑒𝑟 𝐿 = 𝐾𝑒𝑟(𝐿+𝐿)

Both 𝐿 𝑎𝑛𝑑 𝐿+𝐿 have ℝ& as their domain

⇒ 𝑛 − dim(𝐾𝑒𝑟 𝐿 ) = 𝑛 − dim(𝐾𝑒𝑟 𝐿+𝐿 )

⇒ 𝑅𝑎𝑛𝑘 𝐿 = 𝑅𝑎𝑛𝑘(𝐿+𝐿)

Similarly, 𝑅𝑎𝑛𝑘 𝐿+ = 𝑅𝑎𝑛𝑘(𝐿𝐿+)

Also, using 𝑅𝑎𝑛𝑘 𝐴 ≥ 𝑅𝑎𝑛𝑘 𝐴𝐵 ,

𝑅𝑎𝑛𝑘 𝐿 ≥ 𝑅𝑎𝑛𝑘 𝐿𝐿+ 𝑎𝑛𝑑 𝑅𝑎𝑛𝑘 𝐿+ ≥ 𝑅𝑎𝑛𝑘(𝐿+𝐿)

But we know that 𝑅𝑎𝑛𝑘 𝐿 = 𝑅𝑎𝑛𝑘 𝐿+𝐿 𝑎𝑛𝑑 𝑅𝑎𝑛𝑘 𝐿𝐿+ = 𝑅𝑎𝑛𝑘 𝐿+

⇒ 𝑅𝑎𝑛𝑘 𝐿 ≥ 𝑅𝑎𝑛𝑘 𝐿+ 𝑎𝑛𝑑 𝑅𝑎𝑛𝑘 𝐿+ ≥ 𝑅𝑎𝑛𝑘 𝐿 ⇒ 𝑅𝑎𝑛𝑘 𝐿 = 𝑅𝑎𝑛𝑘(𝐿+)
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Kernel, rank and invertibility

3. Let 𝐴 ∈ ℝ&×& and B ∈ ℝ&×&. Show that AB is invertible if and only if A and B are invertible

Solution:

a. If A and B are invertible, then 𝐴FG and 𝐵FG exist

⇒ 𝐵FG 𝐴FG𝐴𝐵 = 𝐼

⇒ 𝑇ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐴𝐵 𝑖𝑠 𝐵FG𝐴FG

b. Given that AB is invertible, 𝑅𝑎𝑛𝑘 𝐴𝐵 = 𝑛 and 𝐾𝑒𝑟 𝐴𝐵 = {0}

𝑅𝑎𝑛𝑘 𝐴 ≥ 𝑅𝑎𝑛𝑘 𝐴𝐵 ⇒ 𝑅𝑎𝑛𝑘 𝐴 ≥ 𝑛 but since 𝐴 ∈ ℝ&×&, 𝑟𝑎𝑛𝑘 𝐴 ≤ 𝑛

⇒ 𝑅𝑎𝑛𝑘 𝐴 = 𝑛 ⇒ 𝐴 𝑖𝑠 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒

Also, if 𝑥 ∈ 𝐾𝑒𝑟 𝐵 ⇒ 𝐵𝑥 = 0 ⇒ 𝐴𝐵𝑥 = 𝐴. 0 = 0

⇒ 𝑥 ∈ 𝐾𝑒𝑟 𝐴𝐵 ⇒ 𝐾𝑒𝑟 𝐵 ⊂ 𝐾𝑒𝑟 𝐴𝐵 = {0}

⇒ 𝐾𝑒𝑟 𝐵 = 0 ⇒ 𝐵 is invertible
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Kernel, rank and invertibility

4. Let 𝐴 ∈ ℝ$×& where 𝑚 < 𝑛. Under what conditions is there a matrix B such that 𝐴𝐵 = 𝐼 where 𝐼 is 

the 𝑚×𝑚 identity matrix

Solution:

𝐴
⋮ ⋮
𝑏G ⋯ 𝑏$
⋮ ⋮

=
⋮ ⋮
𝑒G ⋯ 𝑒$
⋮ ⋮

⇒ 𝐴𝑏G = 𝑒G, … , 𝐴𝑏$ = 𝑒$
This means that 𝑒G, … , 𝑒$ should be in the Im(A) 

⇒ 𝑅𝑎𝑛𝑘 𝐴 ≥ m

But Rank(A)≤ 𝑚 because it only has m rows

⇒ 𝑅𝑎𝑛𝑘 𝐴 = 𝑚 for AB=I
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Kernel, rank and invertibility

5. Let 𝐴 ∈ ℝ$×& where 𝑚 > 𝑛. Under what conditions is there a matrix B such that 𝐵𝐴 = 𝐼 where 𝐼 is 

the 𝑛×𝑛 identity matrix

Solution:

𝐵𝐴 = 𝐼 ⇒ 𝐵+𝐴+ = 𝐼

𝐴+ ∈ ℝ&×$ 𝑤𝑖𝑡ℎ 𝑛 < 𝑚

Now this is exactly same as last question

𝑅𝑎𝑛𝑘 𝐴+ = 𝑅𝑎𝑛𝑘 𝐴 = 𝑛 𝑓𝑜𝑟 𝐵𝐴 = 𝐼
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Matrix multiplication (3rd way)

Let 𝐴 ∈ ℝ$×& with rows 𝑎G+, … , 𝑎$+ and let 𝑥 ∈ ℝ&

𝐴𝑥 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

𝑥 =
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Matrix multiplication (3rd way)

Let 𝐴 ∈ ℝ$×& with rows 𝑎G+, … , 𝑎$+ and let 𝑥 ∈ ℝ&

𝐴𝑥 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

𝑥 =

𝑎G+𝑥
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Matrix multiplication (3rd way)

Let 𝐴 ∈ ℝ$×& with rows 𝑎G+, … , 𝑎$+ and let 𝑥 ∈ ℝ&

𝐴𝑥 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

𝑥 =

𝑎G+𝑥
𝑎Z+𝑥
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Matrix multiplication (3rd way)

Let 𝐴 ∈ ℝ$×& with rows 𝑎G+, … , 𝑎$+ and let 𝑥 ∈ ℝ&

𝐴𝑥 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

𝑥 =

𝑎G+𝑥
𝑎Z+𝑥
.
.
.

𝑎$+ 𝑥
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Matrix multiplication (3rd way)

Let 𝐴 ∈ ℝ$×& with rows 𝑎G+, … , 𝑎$+ and let 𝑥 ∈ ℝ&

𝐴𝑥 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

𝑥 =

𝑎G+𝑥
𝑎Z+𝑥
.
.
.

𝑎$+ 𝑥
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Matrix multiplication (3rd way)

𝐴𝑋 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

⋮
𝑥
⋮

⋮
𝑦
⋮
=

𝑎G+𝑥
𝑎Z+𝑥
.
.
.

𝑎$+ 𝑥

𝑎G+𝑦
𝑎Z+𝑦
.
.
.

𝑎$+ 𝑦



Ashwin Bhola (CDS, NYU) DS-GA 1014 Sept 18, 2019 

Matrix multiplication (3rd way)

𝐴𝑋 =

− 𝑎G+ −
− 𝑎Z+ −

.

.

.
− 𝑎$+ −

⋮
𝑥
⋮

⋮
𝑦
⋮
=

𝑎G+𝑥
𝑎Z+𝑥
.
.
.

𝑎$+ 𝑥

𝑎G+𝑦
𝑎Z+𝑦
.
.
.

𝑎$+ 𝑦
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Matrix multiplication (4th way)

Let 𝐴 ∈ ℝ$×& and B ∈ ℝ&×]. Let 𝑎G, … , 𝑎& be the columns of A and 𝑏G+, … , 𝑏&+ denote the rows of B

𝐴𝐵 =
⋮ ⋮
𝑎G 𝑎Z ⋯
⋮ ⋮

⋮
𝑎&
⋮

⋯ 𝑏G+ ⋯
⋯ 𝑏Z+ ⋯

⋮
⋯ 𝑏&+ ⋯

=
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Matrix multiplication (4th way)

Let 𝐴 ∈ ℝ$×& and B ∈ ℝ&×]. Let 𝑎G, … , 𝑎& be the columns of A and 𝑏G+, … , 𝑏&+ denote the rows of B

𝐴𝐵 =
⋮ ⋮
𝑎G 𝑎Z ⋯
⋮ ⋮

⋮
𝑎&
⋮

⋯ 𝑏G+ ⋯
⋯ 𝑏Z+ ⋯

⋮
⋯ 𝑏&+ ⋯

= 𝑎G𝑏G+ +
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Matrix multiplication (4th way)

Let 𝐴 ∈ ℝ$×& and B ∈ ℝ&×]. Let 𝑎G, … , 𝑎& be the columns of A and 𝑏G+, … , 𝑏&+ denote the rows of B

𝐴𝐵 =
⋮ ⋮
𝑎G 𝑎Z ⋯
⋮ ⋮

⋮
𝑎&
⋮

⋯ 𝑏G+ ⋯
⋯ 𝑏Z+ ⋯

⋮
⋯ 𝑏&+ ⋯

= 𝑎G𝑏G+ + 𝑎Z𝑏Z+ +
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Matrix multiplication (4th way)

Let 𝐴 ∈ ℝ$×& and B ∈ ℝ&×]. Let 𝑎G, … , 𝑎& be the columns of A and 𝑏G+, … , 𝑏&+ denote the rows of B

𝐴𝐵 =
⋮ ⋮
𝑎G 𝑎Z ⋯
⋮ ⋮

⋮
𝑎&
⋮

⋯ 𝑏G+ ⋯
⋯ 𝑏Z+ ⋯

⋮
⋯ 𝑏&+ ⋯

= 𝑎G𝑏G+ + 𝑎Z𝑏Z+ + ⋯+ 𝑎&𝑏&+
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Matrix multiplication

1. Let 𝑥, 𝑦 ∈ ℝ& be column vectors. What’s the shape of 𝑥𝑦+? What is it’s rank?

2. Let 𝑥, 𝑦 ∈ ℝ& be column vectors. What’s the shape of 𝑦+𝑥? What is it’s rank?

3. True or False: Let 𝐴 ∈ ℝ_×Z and 𝐵 ∈ ℝZ×_, then the rank of AB can be 3

4. Let 𝐴 ∈ ℝ$×] 𝑎𝑛𝑑 𝐵 ∈ ℝ]×&, then show that the matrix product AB can be expressed as: 𝐴𝐵 = 𝐶G +

⋯+ 𝐶] such that 𝑟𝑎𝑛𝑘 𝐶a ≤ 1 ∀𝑖 ∈ [1, 𝑘]
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Matrix multiplication

1. Let 𝑥, 𝑦 ∈ ℝ& be column vectors. What’s the shape of 𝑥𝑦+? What is it’s rank?

Solution: Let 𝑦+ = [𝑦G, … , 𝑦&]

⇒ 𝑥𝑦+ =
⋮ ⋮
𝑦G𝑥 ⋯ 𝑦&𝑥
⋮ ⋮

All the columns of 𝑥𝑦+are just scalar multiples of the column vector x

⇒ 𝑅𝑎𝑛𝑘 𝑥𝑦+ = 1 𝑜𝑟 0(𝑤ℎ𝑒𝑛 𝑥 𝑜𝑟 𝑦 = 0)
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Matrix multiplication

2. Let 𝑥, 𝑦 ∈ ℝ& be column vectors. What’s the shape of 𝑦+𝑥? What is it’s rank?

Solution:

𝑦+𝑥 = Σa𝑦a𝑥a ∈ ℝG×G

⇒ 𝑅𝑎𝑛𝑘 𝑦+𝑥 = 1 𝑜𝑟 0 (𝑤ℎ𝑒𝑛 𝑥 𝑜𝑟 𝑦 = 0)



Ashwin Bhola (CDS, NYU) DS-GA 1014 Sept 18, 2019 

Matrix multiplication

3. True or False: Let 𝐴 ∈ ℝ_×Z and 𝐵 ∈ ℝZ×_, then the rank of AB can be 3

Solution: False

𝑅𝑎𝑛𝑘 𝐴𝐵 ≤ 𝑅𝑎𝑛𝑘 𝐴 ≤ 2 𝑠𝑖𝑛𝑐𝑒 𝐴 ℎ𝑎𝑠 𝑗𝑢𝑠𝑡 2 𝑐𝑜𝑙𝑢𝑚𝑛𝑠
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Matrix multiplication

4. Let 𝐴 ∈ ℝ$×] 𝑎𝑛𝑑 𝐵 ∈ ℝ]×&, then show that the matrix product AB can be expressed as: 𝐴𝐵 = 𝐶G +

⋯+ 𝐶] such that 𝑟𝑎𝑛𝑘 𝐶a ≤ 1 ∀𝑖 ∈ [1, 𝑘]

Solution:

𝐴𝐵 =
⋮ ⋮
𝑎G 𝑎Z ⋯
⋮ ⋮

⋮
𝑎]
⋮

⋯ 𝑏G+ ⋯
⋯ 𝑏Z+ ⋯

⋮
⋯ 𝑏]+ ⋯

= 𝑎G𝑏G+ + ⋯+ 𝑎]𝑏]+ = 𝐶G + ⋯+ 𝐶]

𝐶a = 𝑎a𝑏a+ 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠, 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑅𝑎𝑛𝑘 𝐶a = 𝑅𝑎𝑛𝑘 𝑎a𝑏a+ ≤ 1


